We study the Schwinger electron-positron pair production by a strong electromagnetic field of two colliding e-polarized laser pulses with a relative phase shift Ψ. The spatio-temporal distribution of created pairs is very sensitive to this phase shift and to polarization of the pulses. We study this dependence in detail and demonstrate how it can be explained in terms of the underlying invariant field structure of the counterpropagating focused pulses.
I. INTRODUCTION
The e + e − pair production from vacuum by strong electromagnetic (EM) field is a fundamental prediction of quantum electrodynamics (QED) [1, 2, 3, 4] . Although the process was foreseen theoretically several decades ago [5, 6, 7, 8, 9, 10, 11] , its experimental verification is still missing because of the unavailability of an electric field strength comparable to the Schwinger limit E S = 1.32 × 10 18 V/m. Since the probability P e + e − of pair production from vacuum by a strong electric field of strength E peak is proportional to exp(−πE S /E peak ), the process is exponentially suppressed for E peak ≪ E S . Exploration of graphene [12, 13, 14] , an isomorphic 2D-system in condensed matter physics, was proposed as a workaround to validate the Schwinger mechanism experimentally.
The available electric field strength for the present-day laser systems is of the order of E peak ∼ 10 13 − 10 14 V/m [15, 16] , considerably below the critical field limit E S . However, recent advances in technologies of ultrashort and ultraintense laser pulse generation [17] raise the hopes that in a foreseeable future the available laser intensity may closer approach the elusive threshold of pair production. Moreover, such nonlinear QED effects as e + e − -pair photoproduction by a hard photon [18, 19, 20] and the nonlinear (multiphoton) Compton scattering have been already observed experimentally at laser intensity I = 10 22 W/m 2 [21] . These developments renewed interest in theoretical studies of pair production by intense optical lasers.
On the other hand, using the realistic focused field models, e.g. a weakly focused field in paraxial approximation [22] , tightly focused field models [23, 24] , and the optimally focused field model of e-dipole pulses [25, 26] , it was demonstrated that pair production can take place even at intensities substantially lower than the critical intensity I S = c 4π E 2 S (here c denotes the light velocity in vacuum). Superposition of laser pulses in a counterpropagating configuration has been shown [27, 28, 29, 30, 31, 32, 33] to lower the threshold value of the required field strength considerably [27] . Such beam configurations were extensively used to study various aspects of pair production, including the dynamics of post production [25, 30, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51] .
To the best of our knowledge, previous studies of pair production by counterpropagating laser pulses in realistic 3D setup almost never considered the effect of phase shift between the colliding pulses. However, it has been shown recently in Ref. [51] that for a focused linearly polarized standing wave the invariant electric field distribution, and hence also pair production, are sensitive to the carrier envelope phase (CEP)φ. Here we study the spatio-temporal distribution of e + e − pairs created via the Schwinger mechanism at a focal region of the colliding laser pulses described by the Narozhny-Fofanov model [22] , assuming that the pulses are in addition mutually phase shifted. As we demonstrate, the phase shift Ψ considerably affects the longitudinal spatial (here, z-) coordinate and time distributions of the resulting EM field, especially for ultrashort (few cycle) laser pulses.
Furthermore, we study the dependence of the invariant field structure and of the distribution of the created pairs on polarization, relative sense of rotation (for circular polarization), and CEP of the counterpropagating pulses.
The paper is organized as follows: in Sec. II we briefly discuss the basic theory: the Schwinger formula for average pair production and the structure of the invariant electric and magnetic fields of the coherently superposed counterpropagating focused laser pulses. Next we present the differential pair production rates in spatiotemporal coordinates and explanation of their features in terms of the invariant electric field distribution in Sec. III, finally concluding in Sec. IV. A technically useful simplification of the envelope of counterpropagating pulses is discussed in Appendix A.
II. THEORY
A. Methodology for calculating e + e − pair production
Assuming the validity of a locally constant field approximation, the average number of created pairs per unit time and volume can be calculated using the Nikishov formula [52, 53] :
where e is the magnitude of the electron charge, and ǫ, η = 
As we will see later on, these special cases are realized for the magnetic and electric regimes in the focal region for collision of linearly polarized laser pulses. Hence we use Eq. (2) for presenting the numerical results of differential particle production rates in spatiotemporal coordinates for linearly polarized laser pulses and Eq. (1) otherwise. To obtain a temporal particle distribution we integrate w e + e − over the spatial coordinates, and to obtain the longitudinal spatial distribution of particle production we integrate the production rate w e + e − over the transverse spatial coordinates and time. The actual distribution of the invariant fields in a focal region of colliding pulses strongly depends on their polarization and is discussed below. In all numerical calculations, we use the exact expressions for the EM fields and assume for definiteness the amplitude E 0 = 0.0565, carrier wavelength λ = 1µm, focusing parameter ∆ = 0.1, and pulse duration τ = 10 f s for each of the counterpropagating pulses. However, to easier interpret the results, in the rest of the section we also derive the approximate analytical expressions for field invariants near the focus.
B. Invariant fields (linear polarization)
Let us start with a field configuration of linearly polarized counterpropagating focused laser pulses based on the Narozhny-Fofanov field model [22] . We assume the normalized (by E S ) electric fields of the pulses propagating in a forward (+z) and backward (−z) directions of the form
and
respectively, where E 0 is the normalized (by E S ) peak electric field strength of the laser pulse; ω = 2πc/λ is the central frequency of the pulse; λ is the laser carrier wavelength; F 1 , F 2 are the Gaussian-like functions of the form [22] 
[50, 51] (a detailed explanation of our method of introducing g is given in Appendix A). Finally, ϕ and Ψ are CEP and the phase shift of the backward propagating pulse, respectively.
The corresponding expressions for the normalized magnetic field of the forward and backward propagating pulses are [27] 
Following the procedure of Ref. [51] , the expressions for the Lorentz invariants of the resultant
of the superposed counterpropagating pulses can be derived,
where we retain only the leading order terms in ∆, ξ, and χ, as justified in the focal region in a weak focusing limit. Since G = O ξ 2 is negligibly small there, one of the invariant fields (depending on the sign of F ) is vanishingly small. For F > 0 we have so-called electric regime [54] ǫ elec ≈ 2E 0 ge
, and η elec ≈ 0,
whereas, for a magnetic regime F < 0 [54] ǫ mag ≈ 0, and η mag ≈ 2E 0 ge
Clearly, pairs are created solely during an electric regime, and the phases Ψ andφ control toggling between the electric and magnetic regimes at given point and time, thereby controlling also the pair production. As is seen from the obtained approximate expressions (and in fact is also true for the exact ones), it is enough to restrict phases by 0 ≤φ < π and 0 ≤ Ψ < 2π. (2)], hence, as we will see below, this variety of opportunities precisely corresponds to peculiarities of distribution of created pairs that we observe in our calculations. Now consider circularly polarized forward and backward propagating laser pulses with a relative phase difference Ψ. We follow closely the steps discussed in Ref. [50, 51] . For a forward propagating (along +z) laser pulse, the electric and magnetic fields are given by
respectively. Here the signs correspond to the right (+)-and left (−)-handed rotation of the electric field vector with respect to propagation direction. For a backward propagating (along −z) laser pulse with a relative phase shift Ψ the expressions for the electric and magnetic fields are given by
For a pair of counterpropagating circularly polarized pulses, we have two alternatives: either both pulses have the same polarization (for definiteness right handed, hereafter referred to as the RR configuration), or opposite polarizations (for definiteness we assume that the forward propagating pulse has the right handed polarization and the backward propagating one has the left handed polarization, hereafter referred to as the RL configuration).
RR Configuration
For the RR configuration the Lorentz invariants near the focus (ξ, χ ≪ 1) are given by
so that the invariant electric and magnetic fields are
One can see that, unlike the case of linearly polarized configuration, now their phases are timeindependent and are solely controlled by single phase Ψ. The overall smooth temporal dependence on a time scale τ remains only due to the pulse envelope function g. The oscillatory dependence on longitudinal coordinate χ is shown in Fig. 2 . It is clear that as Ψ is growing from zero, the highest central spike becomes off-centered, and eventually at Ψ = π is replaced with two spikes of equal height located symmetrically about the center. 
RL Configuration
Proceeding the same way for the RL configuration, we obtain the leading order expressions of the Lorentz invariants 
and the invariant electric and magnetic fields read as follows:
In contrast to the RR case here their oscillations are purely temporal and depend on both Ψ andφ, see Fig. 3 . As it shows, variation of the phases, like in previous case, results in a shift of the main maximum from the center. Namely, it is located at the origin t = 0 forφ = 0 at Ψ = π, whereas for ϕ = π/2 at Ψ = 0. As we will see in the next section, off-centering of the main maximum results in passing from unimodal to bimodal profile of created pairs. 
III. PAIR PRODUCTION: RESULTS AND DISCUSSION
According to Eq. (1), the pair production rate depends exponentially and monotonously on the spatiotemporal distribution of the invariant electric field in the focal region, which in turn is controlled by the phase shifts Ψ andφ. Hence, we present and discuss the results of calculation of differential particle production rate for various polarizations of the collided pulses and in dependence on the values of Ψ andφ. The main goal is to demonstrate how its features can be natively understood in terms of the underlying invariant EM field spatiotemporal structure. Let us first discuss pair production in the case of linearly polarized colliding pulses. The differential particle distributions in longitudinal z-coordinate, calculated by means of Eqs. (2) - (6) for the values 0, π/2, π of relative phase Ψ and for CEPφ = 0, π/4, π/2, are shown in Fig. 4 . The distributions possess a spiky structure, with the peaks positions sensitive to Ψ but independent of ϕ. This feature is obvious from the form of the simplified expression (9) of the invariant ǫ in electric regime. Furthermore, the production rate is maximal for Ψ = 0 andφ = π/2. As Ψ varies, the peaks are shifted from the focus center (as is the case e.g., for Ψ = π/2 or π), hence the distribution becomes asymmetric (changes from unimodal to bimodal) and the production rate is reduced. For Ψ = π the bimodal distribution becomes symmetric. In contrast to the position, the separation of the peaks is merely independent of phase shifts (remains about π∆ 2 = 0.0314 in dimensionless units used at the figure) . The same is approximately true also for the peak widths. It is seen that for the adopted values of parameters pair production results the generation of narrow (FWHM = 0.0636µm) particle-antiparticle bunches localized in longitudinal direction.
Similar features are observed also in a temporal distribution (see Fig. 5 ), where, however, the distribution profiles (peak heights as well as their locations) are sensitive to both phase shifts. In all the cases shown, in agreement with Eq. (9), the temporal distribution is unimodal and maximal forφ + Ψ/2 ≈ π/2 and bimodal symmetric forφ + Ψ/2 ≈ 0 or π. The peaks FWHM width is here as narrow as 200as. As expected from Fig. 1 , the most prolific production rate is observed in Fig. 5 (c) forφ = π/2 and Ψ = 0, i.e., for an in-phase configuration of the counterpropagating beams.
B. Differential pair production rate (circular polarization)
For colliding circularly e-polarized laser pulses it has been observed earlier [51] that the structure of the invariant electric and magnetic fields and the pair production rate depend on their relative handedness. In particular, in RR configuration the invariant fields and the differential particle production rates do not reveal any CEP dependence. When the counterpropagating pulses are in-phase, a broad unimodal temporal particle distribution is produced. On the other hand, the colliding pulses in RL configuration produce particle bunches localized in time and with notable CEP dependence. It is, therefore, natural to consider these two cases separately.
For RR configuration, since the invariant fields trivially depend on time and are independent on For RL configuration, in contrast, the invariant fields trivially depend on position, but are sensitive to both phase shifts, hence it is enough to present only temporal evolution of the production rate, but in dependence on both phase shifts, see Fig. 7 . As in previous cases, at variation of phases the distribution profile changes from unimodal through asymmetric bimodal to symmetric bimodal. In agreement with Eq. (18), the particular form of the distribution depends solely on the combinationφ + Ψ/2, with maximal and minimal production rates when it is close to π/2 and to zero or π, respectively. The FWHM width of the generated particle bunches is about 220as, much shorter than laser pulse duration 10 f s. As before, it is insensitive to both phasesφ and Ψ, as well as to separation between the peaks when the profiles are bimodal, which is about 1.6 f s.
By comparing the figures of this section, we conclude that for the same values of parameters the circularly polarized RR-configuration with Ψ = 0 maximizes the total number of created pairs. Namely this configuration was discussed in greater details (in particular, in dependence of amplitude and focusing degree) in Ref. [27] .
IV. CONCLUSION
It was proposed [27, 28, 29, 30, 31, 32, 33] that coherent superposition of focused optical laser pulses is favorable for future observations of spontaneous pair production below the Schwinger limit because of constructive interference, which notably increases the peak field strength. In this context, it is natural to analyze phase dependence of the arising interference pattern, as well as the possibilities for phase control of the corresponding pair production rate. Here we have done it with respect to both phase shifts inherent to the problem, the carrier envelope phaseφ of individual pulses, and their relative phase shift Ψ. As shown, their variation shifts the spiky interference pattern of the invariant electric field with respect to the carrier envelope, leaving the widths of the peaks unaltered.
The same conclusion broadly refers to the pair production rate, which depends on the invariant fields monotonously. Indeed, in all the cases considered here we could relate the peculiarities of particle distribution to the underlying invariant field structure. However, since due to exponentiation in Eqs. (1) or (2), at the level of production rate only those peaks of the invariant electric field that are closest to the center of the spatiotemporal envelope remain significant, the resulting spatial and temporal distributions of created pairs can look either nearly unimodal or bimodal. For the same reason, their longitudinal and temporal spike widths are much smaller than of the original invariant field structure, meaning time-localized (during hundreds attoseconds) formation of extremely short (tens nanometers long) electron-positron bunches. The post production dynamics of such dense bunches may be highly non-trivial [31] and may need a separate study.
We predict that the total pair production is maximal when one of the spikes is located near the center of the spatiotemporal envelope (and distribution of created pairs looks approximately unimodal), and minimal when the neighboring spikes are off-centered but located symmetrically.
The particular phase shifts required for each case depend on polarization of the pulses. Among the considered cases, for the parameters adopted here the global maximum is achieved with a circularly polarized RR configuration considered in Ref. [27] .
Possibility of phase control of Schwinger pair production under discussion may be useful, e.g., to increase the attainable intensity of tightly focused colliding laser pulses by reducing pair production and hence preventing field depletion at their crossing, or, conversely, to measure the typically unknown field structure and phase relations of extremely strong laser pulses in a way similar to proposed in Ref. [55] by using the multiphoton Compton scattering. 
